A clear thermal Hall signal (κ xy ) was observed in the spin liquid phase of the S = 1/2 kagomé antiferromagnet Ca kapellasite (CaCu 3 (OH) 6 Cl 2 · 0.6H 2 O). We found that κ xy is well reproduced, both qualitatively and quantitatively, using the Schwinger-boson mean-field theory with the Dzyaloshinskii-Moriya interaction of D/J ∼ 0.1. In particular, κ xy values of Ca kapellasite and those of another kagomé antiferromagnet, volborthite, converge to one single curve in simulations modeled using Schwinger bosons, indicating a common temperature dependence of κ xy for the spins of a kagomé antiferromagnet.
Identifying the ground state of a kagomé Heisenberg antiferromagnet (KHA) has been a central issue of condensedmatter physics because the KHA is expected to host many unknown spin-liquid phases, including the resonating-valencebond state [1], Z 2 spin liquids [2] [3] [4] , chiral spin liquids [5] [6] [7] , fermionic spin liquids [8] , and Dirac spin liquids [9] [10] [11] [12] [13] . It is therefore very important to find the elementary excitations expected to emerge in these unknown phases through experiments on ideal kagomé materials. So far, herbertsmithite ZnCu 3 (OH) 6 Cl 2 [14] is the best-studied compound in which the spins remain disordered down to the lowest temperature [15, 16] . A spinon-like continuum has been reported in herbertsmithite at high energies (> 2 meV) from neutron experiments [17] , and a small spin gap (∼ 1 meV) has been reported at low energies by NMR [18] . Nevertheless, it has been pointed out that excess Cu 2+ ions replace nonmagnetic Zn 2+ ions between the kagomé layers by 15% [18, 19] , obscuring whether an ideal two-dimensional KHA is realized in herbertsmithite.
Searching for an ideal KHA has led to recent discoveries of new kagomé materials from structural polymorphs of herbertsmithite, such as Zn kapellasite ZnCu 3 (OH) 6 Cl 2 [20] , haydeeite α-MgCu 3 (OH) 6 Cl 2 [21] , Cd kapellasite CdCu 3 (OH) 6 (NO 3 ) 2 ·H 2 O [22] , and Ca kapellasite CaCu 3 (OH) 6 Cl 2 ·0.6H 2 O [23] . Whereas the Zn ions in herbertsmithite are located between the kagomé layers, cations in these kapellasites or haydeeite are in the same kagomé layer of Cu ions, resulting in smaller coupling between the kagomé layers and hence better two-dimensionality [24] . Among these new kagomé materials, Ca kapellasite ( Fig. 1(a) and (b)) is the most promising KHA candidate. In Zn kapellasite and haydeeite, the nearest-neighbor interaction is found to be ferromagnetic [25, 26] . In contrast, the fitting of the temperature dependence of the magnetic susceptibility [23] shows that the spin Hamiltonian in Ca kapellasite is well approximated as an ideal KHA ( Fig. 1(a) , J 1 = 52.2 K, J 2 = −6.9 K, J d = 11.9 K), which is supported by a first-principles calculation [27] showing a very dominant J 1 ((J 1 , J 2 , J d ) = (64, 2.8, -2.0) for onsite repulsion U = 7.0 eV). Further, because the ionic radii of Ca 2+ ion (1.0 Å) is much larger than that of Cu 2+ (0.73 Å), there are no site mixings in Ca kapellasite, in contrast to Zn/Cu (Mg/Cu) site mixings of ∼ 27% (∼ 16%) in Zn kapellasite [28] (haydeeite [29] ).
The temperature dependence of the magnetic susceptibility of Ca kapellasite features a broad peak at ∼ 30 K, indicating the development of a short-range spin correlation, followed by a peak at T * = 7.4 K [23] . The temperature dependence of the heat capacity also features a peak at T * , indicating a magnetic transition at T [30] . Although the magnetic ground state of Ca kapellasite is not a disordered state, the ordering temperature is much smaller than J 1 , suggesting that a spin liquid state is realized over a wide temperature range, T * < T < J 1 /k B . A zero-temperature extrapolation of the heat capacity data above T * reveals a large residual in the linear T term, γ, implying the presence of gapless spin excitations in the spin liquid phase. Also a finite γ is suggested to remain even in the ordered phase below T * [23, 30] , implying the presence of unusual gapless spin excitations.
To study the elementary excitation in Ca kapellasite, we performed longitudinal (κ xx ) and transverse (κ xy ) thermal conductivity measurements (see Fig. 1 (c) and the Supplemental Material (SM) [31] for details). Itinerant excitations are studied by measuring κ xx down to very low temperatures and the spin chirality of the underlying spin system can be probed by measuring κ xy . Thermal Hall measurements have been used in ferromagnetic insulators [32] [33] [34] and are well explained by the Berry phase effect of the magnon bands [35, 36] . Thermal Hall effects have also been reported in spin liquid states such as the quantum spin ice material Tb 2 Ti 2 O 7 [37] , the kagomé antiferromagnet volborthite [38] , and the Kitaev candidate α-RuCl 3 [39] . In volborthite [38] , κ xy emerges as entering the spin liquid region and shows a sign change near the Néel temperature, suggesting that the thermal Hall effect has a spin origin. Also, the development of spin correlations in the spin liquid phase is important for κ xy . However, the detailed origin of κ xy has yet to be understood. In this Letter, we report a distinct thermal Hall signal in Ca kapellasite and reveal that both the temperature dependence and the magnitude of κ xy is understood by the thermal Hall effect of Schwinger bosons described by the Schwinger-boson mean-field theory (SBMFT) [23] ). (c) An illustration of our experimental setup. Three thermometers (T High , T L1 , T L2 ) and a heater were attached to the sample. A heat current Q x was applied within the ab plane and a magnetic field was applied along the c z axis. See the SM [31] for details. (d, e) Temperature dependence of κ xx for samples #1 (the blue diamonds) and #2 (the green triangles) at high temperatures at 0 and 15 T (d) and that of κ xx /T for samples #1 and #3 (the pink circles) below 0.5 K at 0 and 14 T (e). The slope of κ xx (T ) is decreased below T * = 7.4 K. The zero-temperature extrapolation of κ xx /T (the solid and dashed lines for 0 and 14 T, respectively) shows zero or negligibly small residual.
The temperature dependence of κ xx above 2 K and that of κ xx /T below 0.5 K are shown in Fig. 1(d) and (e), respectively. The magnitude of κ xx for Ca kapellasite is found to be very low, at about an order of magnitude below that for volborthite [38] . The longitudinal thermal conductivity of an insulator is given by κ xx = κ Fig. 1(d) and in the SM [31] , the magnetic field strength has little effect on κ xx above T * . This is in contrast to the decrease with magnetic field observed in volborthite attributed to a field suppression effect on κ sp xx [38] . Therefore, above T * , phonons provide the dominant contribution to κ xx . Below T * , the slope of κ xx (T ) slightly decreases, followed by a shoulder at ∼ 5 K. This suggests that the magnetic order at T * increases κ ph xx and/or an additional magnon thermal conduction appears below T * . Below 0.3 K, κ xx shows a T 2 temperature dependence ( Fig. 1(e) ). A small quadratic κ xx is often observed in amorphous glass materials [41] and in single crystals with randomness because of site mixings [42, 43] . Therefore, we conclude that a similar phonon-glass state is realized in Ca kapellasite because of the random distribution of Ca 2+ ions and/or the non-stoichiometric composition of H 2 O molecules. Although the field dependence of κ xx at low temperatures shows sizable κ sp xx in κ xx [31] , the linear extrapolation of κ xx /T with respect to T shows zero or negligibly small residual up to 1 ∼ 2 mW K
(the solid and dashed lines in Fig. 1(e) ) compared to the values found in other quantum spin-liquid candidates [44, 45] , indicating the absence of itinerant gapless excitations with linear-T dependence. This suggests that the gapless excitations obtained from heat capacity [23] and NMR [30] measurements are localized and do not contribute to κ xx .
The field dependence of the transverse temperature difference (∆T y (B) ≡ T L1 (B) − T L2 (B)) shows a large asymmetric field dependence ( Fig. 2(a) ). The symmetric field dependence of ∆T y (B) with respect to the field direction is caused by the field dependence of κ xx included in ∆T y (B) by a misalignment of the thermal contacts. We confirmed that the asymmetric component of ∆T y (B) increases linearly with respect to the heater power Q (Fig. S3 in the SM), indicating the presence of the thermal Hall signal in Ca kapellasite. By antisymmetrizing ∆T y (B), we estimated the field dependence of κ xy . The field dependence of κ xy (B) (Fig. 2(b) ) is linear above T * . Below T * , the field dependence of κ xy (B) is non-linear; κ xy (B) shows a peak around 4 T and becomes negligibly small above 6 T ( Fig. 2(b) ). This different field dependence below T * suggests that the magnetic order has a significant effect on the elementary excitations producing the thermal Hall signal. A change in magnetic structure below T * has also been inferred at 6 T from the change in slope of the magnetization [23] that may be related to the disappearance of κ xy (B) above 6 T.
The field dependence (a) of the transverse temperature difference ∆T y (B) and (b) of κ xy (B). Solid lines in (b) represent linear fits. The field dependence of κ xy (B) at other temperatures is shown in the SM [31] .
From the linear fit for κ xy (B) (the straight lines in Fig. 2(b) ), we estimated the slope κ xy /B at each temperature and plotted the temperature dependence of κ xy /T B (filled symbols in Fig. 3 ). Below T * , we estimated κ xy /T B from κ xy at 15 T (open symbols in Fig. 3 ). We note that κ xy /T B data below T * is shown for reference owing to the non-linear field dependence of κ xy . Clarifying κ xy below T * , which requires the detail of the magnetic order, remains as a future work as discussed later. We find that κ xy /T B for both Ca kapellasite samples exhibit virtually the same temperature dependence. The magnitudes of κ xy for both differ by a factor of ∼ 2, which is mostly attributed to the ambiguity in the estimation of the sample geometry (see the SM [31] for more details). As seen in Fig. 3 , κ xy /T B increases as the temperature is lowered, then peaks at ∼ 20 K followed by a rapid decrease to zero below T * . This temperature dependence, in particular the peak in |κ xy /T B|, is almost the same with that of volborthite. Remarkably, the absolute value of κ xy /T B of Ca kapellasite is also similar to that of volborthite, whereas κ xx of Ca kapellasite is about one order of magnitude smaller than that of volborthite. Because κ xx is dominated by phonons in this temperature range, similar |κ xy /T B| magnitudes in these kagomé compounds with different κ xx magnitudes suggests that the thermal Hall effect does not come from phonons [43] . Given almost the same magnitude for the effective spin interaction energy J/k B ∼ 60 K of the two compounds, similar κ xy /T B implies the presence of a common thermal Hall effect from spin excitations of the kagomé antiferromagnets.
The temperature dependence of κ xy /T B of Ca kapellasite (samples #1 and #2) and that of volborthite [38] . The filled (open) symbols represent data estimated by the linear fit of κ xy (data at 15 T). The data of volborthite is taken from Ref. [38] . The error bars correspond to one standard deviation and are of the same order as the size of the symbol or smaller for data of Ca kapellasite.
To investigate the origin of κ xy , we have simulated κ xy adopting the SBMFT [46] for KHA with the DzyaloshinskiiMoriya (DM) interaction, which reads
where D i j is the DM interaction, g the g factor, µ B the Bohr magneton, and the direction of the magnetic field B aligns with the z axis. The sign of D i j is assumed to be positive if i → j is clockwise direction from the center of each triangle plaquette in the kagomé lattice, and we define
SBMFT has been employed to study the possible spin liquid ground states and the excitations of quantum antiferromagnets [2, 3, 7, 8, [46] [47] [48] [49] [50] . In the SBMFT framework, spin is expressed by a pair of bosons (b i↑ , b i↓ ) as
where σ is the Pauli matrices. We decouple the Hamiltonian by taking a mean-field value of the bond operator χ i j = b † iσ b jσ and diagonalize it to find the energy bands. Because of the nature of the DM interaction, χ i j is a complex number, and therefore the energy bands are gapped. Each band now carries a different Berry flux, and this is directly related to the thermal Hall conductivity through the relation [35, 36] :
where c 2 is a distribution function of the Schwinger bosons, n B the Bose-Einstein distribution function, E knσ the energy eigenvalue, and Ω knσ the Berry curvature (see the SM [31] for details). Equation (2) can be expressed as κ Our central finding is that all κ xy (T ) data ( [23] (volborthite [51] ), and g = 2.14 (2.28) the g factor of Ca kapellasite (volborthite [52] ). Remarkably, by choosing only J and D as fitting parameters, we find thatf exp (k B T/J) for all kagomé antiferromagnets and that of the SBMFT simulations converge to one single curve (Fig. 4) . This excellent agreement, both qualitative and quantitative, demonstrates that the thermal Hall effect in these kagomé antiferromagnets derives from spins in the spin liquid phase. Figure 4 further verifies not only that both the kagomé materials are well fitted by the simple Hamiltonian of Eq. (1), but that κ xy in a kagomé spin liquid is well described by a simple one-variable scaling functionf SBMF (k B T/J), thereby capturing the nature of κ xy (T ) for KHA. The values of J/k B = 66 K (60 K) for Ca kapellasite (volborthite) are in good agreement with the values estimated by the temperature dependence of the magnetic susceptibility. The values of |D/J| for both materials are also similar to the value estimated from the deviation of the g factor from 2 (see Table S1 in the SM [31] summarizing J and D values obtained by different methods). Therefore, the fitting results of J and D support arguments for the common temperature dependence of κ xy . We note that the factor 2 difference of the D values for Ca kapellasite simply reflects the ambiguity in estimating the absolute value of κ xy which is mainly caused by the irregular shape of the crystal [31] . The good agreement between the observed κ xy and the SBMFT simulation shows that the spin liquid state of these kagomé antiferromagnets is well described by the U(1) spin liquid with bosonic spinons. Whether our ansatz is the only successful state for describing κ xy (T ) or other spin liquid states, in particular spin liquids with fermionic spinons having a different κ xy (T ), remains an open question. The thermal Hall effect calculated for the 120
• ordered state in a kagomé antiferromagnet has been shown to have a different temperature dependence [53] . Therefore, the short-ranged magnons of a kagomé antiferromagnet that may survive above T * can be excluded as excitations producing the observed κ xy .
The spin Hamiltonian of volborthite at low temperatures has been shown to deviate from the ideal KHA [52] but has been suggested as an effective triangular model of coupled trimers with an effective interaction energy of ∼ 35 K obtained from a first-principles calculation [54] . Because the deviation of κ xy of volborthite from our SBMFT simulation based on the KHA was not clearly observed, the effects of a modified triangular trimer model might be confined to lower temperatures.
The fitting parameters (J and D) obtained by scaling κ xy tof SBMF are the two most decisive parameters in finding the ground state of a KHA. This ground state has been studied using the Schwinger boson approximation [2, 3, 7, 8] and shows that magnetically ordered states appear through the BoseEinstein condensation of the Schwinger bosons. Therefore, the ordered state in Ca kapellasite below T * may be described by a similar condensation of the Schwinger bosons. According to a recent numerical study using SBMFT with a DM interaction [7] , a chiral spin liquid phase is suggested to be stabilized for a D/J value that is close to our results concerning Ca kapellasite. Although the detailed magnetic structure of the ordered state below T * has yet to be clarified, the ground state of Ca kapellasite may be located near the chiral spin liquid phase. We note that our present SBMFT simulation is not applicable at very low temperatures near the Néel order because we omit b iσ b jσ terms in our calculation. For the Schwinger bosons, these terms describe pairing interactions and play an important role near the ordering temperature in determining the ground state. An exact description of the ordered state by including these terms to our mean-field approximation remains as a future work.
In summary, we have observed a distinct thermal Hall effect in a kagomé antiferromagnet Ca kapellasite. The thermal Hall conductivity of both Ca kapellasite samples exhibit a similar temperature dependence as κ xy of another kagomé antiferromagnet volborthite. In a simulation using SBMFT, we find all observed κ xy values converge onto a single curve by adjusting only J and D, suggesting that the thermal Hall conductivity of a kagomé antiferromagnet has a common temperature dependence described by Schwinger bosons.
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S1. Materials and Methods
The single crystals of Ca kapellasite were synthesized by a hydrothermal method as described in ref. [23] . Typical sample size is ∼ 1 mm × ∼ 1 mm × ∼ 0.1 mm.
Pictures of the experimental setup (sample #1 (left) and sample #2 (right)) are shown in Fig. S1 . A heat current Q x was applied within the ab plane and a magnetic field was applied along the c z axis. Three thermometers (T High , T L1 , T L2 ) were attached so that both the longitudinal (∆T x (B) ≡ T High (B) − T L1 (B)) and the transverse (∆T y (B) ≡ T L1 (B) − T L2 (B)) thermal gradients can be simultaneously measured. Cernox (RuO 2 ) thermometers were used for measurements at high temperatures above 2 K (low temperatures below 2 K). All thermometers were carefully calibrated in magnetic fields by calibrated thermometers placed outside the magnet. For Cernox thermometers used for the thermal Hall measurements, we confirmed that all three thermometers show the identical magnetoresistance with the value reported in the previous report [55] within our resolution. To avoid a background Hall signal from metals, an insulating single crystal of LiF was used as a heat bath to which the sample was attached by a small amount of Apiezon grease.
The longitudinal thermal conductivity (κ xx ) and the thermal Hall conductivity (κ xy ) are obtained by
where ∆T Asym y (B) ≡ ∆T y (+B) − ∆T y (−B) /2, t is the thickness of the sample, and L (w) is the distance between the thermal contacts for T High and T L1 (T L1 and T L2 ). FIG . S1. Pictures of sample #1 (left) and sample #2 (right) setup. Gold wires (25 µm diameter) connected to the three thermometers (T High , T L1 , T L2 ) and a heater were fixed to the sample by stycast 2850FT epoxy.
Here, we note about an error in estimating the absolute value of κ xx and that of κ xy owing to the irregular shape of the crystals. Whereas we can accurately control the heat current Q and can measure the temper-ature differences ∆T x and ∆T y in high precision, there is relative large ambiguity in estimating the sample geometries; the shapes of the Ca kapellasite crystals are irregular with non-uniform thickness and width, and the sample size is not long enough to ignore the size effect of the thermal contacts to the gold wires (see Fig. S1 ). As a result, the ambiguity of ∼ 20% for each dimension is unavoidable. This ambiguity effect is larger in the estimation of κ xy which, in a worst case, can sum up to the ambiguity of factor of 2 (∼ 1.15 5 ) in the estimation of κ xy .
The difference of κ xy between sample #1 and sample #2 is thus mainly caused by this ambiguity, although we cannot exclude the possibility of the sample dependence. The different ratio between D/J of sample #1 and that of sample #2 obtained by the fitting (Fig. 4 in the main text) is also caused by this error.
S2. Field dependence of κ xx
The field dependence of κ xx at different temperatures is shown in Figs. S2(a)-(c) . At the lowest temperature ( Fig. S2(a) ), κ xx is decreased by magnetic field. This is opposite to the field dependence of the phonon thermal conduction (κ ph xx ) which is usually expected to be increased by magnetic field because the magnetic scatterings for phonons are suppressed by magnetic field. A resonant phonon scattering with magnetic impurities, which is known to decrease κ ph xx under magnetic field [38, 56] , is not the origin of the field suppression effect. The field dependence of the resonant scattering is a function of x 4 e x /(e x − 1) 2 , where x = gµ B B/k B T and g is the g-factor. The effect of the resonant scattering is thus only effective at gµ B B ∼ 4k B T which is ∼ 0.6 T at 0.2 K for g c = 2.14 [23] , whereas the field suppression effect persists up to 14 T. Therefore, the decrease of κ xx by magnetic field at 0.2 K can be attributed to a field suppression effect on the spin thermal conduction (κ At elevated temperatures, κ xx increases at lower fields ( Fig. S2 (a) and (b) ). This increase becomes larger at higher temperatures, which can be attributed to the field enhancing effect on κ ph xx . At higher fields, the field suppression effect becomes dominant, resulting in a peak at 8 T at 2 K (Figs. S2(a) and (b) ). The peak structure becomes smaller above 2 K and the field suppression effect becomes dominant again at T ∼ T * (Fig. S2 (b) ). Above 20 K (Fig. S2(c) ), only the field enhancing effect is observed, which is consistent with the fact that κ ph xx becomes larger at higher temperatures. We note that the field dependence of κ xx below T * is consistent either the two scenarios that the decrease of the slope of κ xx at T * is caused by either an increase of the κ ph xx or an additional magnon thermal conduction. Phonons are scattered by both intrinsic and impurity spins by spin-phonon scatterings. The magnetic order at T * aligns the intrinsic spins, giving rise to the increase of κ ph xx by the decrease of the spin-phonon scatterings. This magnetic order also enhances the field effect on κ ph xx because the spin-phonon scatterings below T * are dominated by the impurity spins which can be easily aligned by magnetic field. Therefore, the former scenario is consistent with the larger field enhance effect observed below T * (Fig. S2(a) and  (b) ).
The latter is consistent with the κ sp xx observed by the field suppression effect on κ xx at the lowest temperature ( Fig. S2(a) ). ! " Figure S4 shows all the field dependence data of κ xy of sample #1 (a-c) and #2 (d-f). The data above ∼ 30 K has a larger error in estimating κ xy (Fig. S4(c) and (f)) because of the smaller signal and the smaller sensitivity of the Cernox thermometers at higher temperatures. The error bars are smaller than the symbol size below 30 K. 
S4. Calculation of spin thermal Hall conductivity by the Schwinger-boson mean-field theory
In order to study the thermal Hall conduction carried by spins in the quantum antiferromagnet materials, one may apply the linear response theory for the model
by evaluating the energy current in the spin language and then take the mean-field approximation of the slave particle (parton). Here, D i j denotes the Dzyaloshinskii-Moriya interaction, g the g-factor, µ B Bohr magneton, B the magnetic field. However, as shown in Ref. [40] , one can start from the mean-field Hamiltonian in the parton representation first, which is much simpler, and obtain the exactly the same energy current operator and the linear response theory. Throughout this paper, we consider the Schwinger boson representation, i.e. S i = (1/2) α,β=↑,↓ b † iα σ αβ b iβ where σ stands for the Pauli matrices. In the Schwinger-boson mean field theory, it is customary to introduce two kinds of mean-field parameters b iσ b jσ ′ and b † iσ b jσ to obtain the ground state self-consistently. According to the recent thorough theoretical investigation [3] , four different classes are found to be possible on the Kagome lattice to describe the quantum disordered ground state. Among them, the so-called zero-flux and the π-flux classes are most often adopted to study the Kagome spin liquid (e.g. [2] ). The zero-flux state exhibits the q = 0 magnetic order by condensing the spinons at low temperature, while the π-flux state comes to represent the √ 3 × √ 3 order. It is commonly known that the q = 0 configuration takes energetic advantage from the DM interaction. Also, the recent numerical study [7] suggests the q = 0 ordered state as a possible ground state of Ca kapellasite. Hence, we employed the zero-flux ansatz where both b iσ b jσ ′ and b † iσ b jσ are involved. (On the other hand, the π-flux state requires only b iσ b jσ ′ term.) Besides, the b iσ b jσ ′ term stands for the creation of the singlet of neighboring spins and therefore it is reasonable to expect it to be less effective at a rather high temperature (k B T > 0.1J) we are considering. In addition, finding a solution of the self-consistent equations is greatly simplified by ignoring b iσ b jσ ′ . For these reasons, we omitted the b iσ b jσ ′ term in the Ansatz.
Let us begin by decoupling the above Hamiltonian in terms of a mean-field ansatz χ i j,σ ≡ b † iσ b jσ which reads
where
, and tan φ i j = D i j /J. Lagrange multiplier λ is introduced to impose the constraint 2S = 1, and will be determined self-consistently. The sign of D i j is assumed to be positive if i → j is clockwise direction from the center of each triangle plaquette in the kagomé lattice, and we define D i j = −D ji = D. In addition, we assume the effective hopping t σ i j is independent on the bond, i.e., χ i j,σ = χ σ and t σ i j = t σ , throughout this article. By taking the Fourier transform of the above model into the momentum space, one obtains
where k x = k ·ê x ,ê x are the three unit vectors specifying three sub-lattices (x = α, β, γ) of the kagomé lattice, and
. Thermal Hall conductivity for the noninteracting bosonic Hamiltonian has been formulated in Ref. 36 , which is also applicable to Eq. (S4) resulting in
where k B is the Boltzmann constant, T the temperature, N t the system size (or the number of unit-cell),
the Bose-Einstein distribution function, and n denotes the n-th energy band (E nkσ ) obtained by diagonalizing Eq. (S4). Also, Ω nkσ = i ∂ k x u nkσ |∂ k y u nkσ + c.c. is the Berry curvature of each band, the function c 2 (
, and Li 2 is the polylogarithm function [36] . Now, our task is to find χ σ and λ by solving the self-consistent equations: σ b † iσ b iσ = 2S and b † iσ b jσ = χ σ . One can easily verify that, with the assumption of translational symmetric ansatz, the first self-consistent equation becomes
and we used the identity (1/N t ) i e ik·r i = δ k=0 . Also, the second-self consistent equation can be recast as follows:
and therefore
and
where f nkσ (t σ = 1) is the eigen-function of off-diagonal part of Hamiltonian in Eq. (S4) with t σ = 1. We solve the above equations numerically and determine the effective hopping integral t σ as functions of the temperature and magnetic field. As an example, we present the energy band and Berry curvature at k B T = J and gµ B B/J = 0.01ẑ in Fig. S5 , where the obtained t ↑ = 1.1246 + 0.34668i, t ↓ = 1.137 + 0.35666i and λ = 2.2.
Due to the finite magnetic field, the bands with up-spin (solid lines in Fig. S5 (a) ) and down-spin (dashed lines in Fig. S5 (a) ) are shifted in an opposite way, and therefore a small gap between two bands occurs as one can expect from Eq. (S4) [ Fig. S5 (a) ]. In Fig. S5 We summarize the data of J and D obtained by our study and by other methods in Table S1 . In the row of "χ, ∆g/g", we take J value from the high-temperature fitting of the magnetic susceptibility data and estimate |D/J| by (g c − 2)/2. In the first principles result of volborthite, we estimate J e f f = (J + J 1 + J ′ )/3 (see Ref. [54] for the definition of J, J 1 , and J ′ ) because of the anisotropic spin Hamiltonian. 
Materials
Methods J/k B |D/J| χ, ∆g/g [23] 52.2 0.07 Ca kapellasite SBMFT fitting to κ xy 66 0.06-0. 12 First principles [27] 64 N/A χ [57] , ∆g/g [52] 84 0.14 Volborthite SBMFT fitting to κ xy 60 0.07 First principles [54] 25 0.07
